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Abstract
An Orlicz space LΦ(Ω) is a Banach function space defined by using a
Young function Φ, which generalizes the Lp spaces. We show that, for a re-
flexive Orlicz space LΦ([0, 1]), a locally compact second countable group
has Kazhdan’s property (T ) if and only if it has property (TLΦ([0,1])),
which is a generalization of Kazhdan’s property (T ) for linear isometric
representations on LΦ([0, 1]). We also prove that, for a Banach space B
whose modulus of convexity is sufficiently large, if a locally compact sec-
ond countable group has Kazhdan’s property (T ), then it has property
(FB), which is a fixed point property for affine isometric actions on B.
Moreover, we see that, for an Orlicz sequence space ℓΦΨ such that the
Young function Ψ sufficiently rapidly increases near 0, hyperbolic groups
(with Kazhdan’s property (T )) don’t have property (FℓΦΨ). These results
are generalizations of the results for Lp-spaces.
Mathematics Subject Classification (2010). 22D12, 46E30
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1 Introduction
Property (T ) is known as a rigidity property of topological groups with respect
to the irreducible unitary representations. In [BFGM07], they generalize Kazh-
dan’s property (T ) for linear isometric representations on Banach spaces: Let
G be a topological group and (B, ‖ ‖) a Banach space. A linear isometric G-
representation on B is a continuous homomorphism ρ : G→ O(B), where O(B)
denotes the group of all invertible linear isometries B → B, and continuous
means the action map G×B → B is continuous. We say that a linear isomet-
ric G-representation ρ almost has invariant vectors if for all compact subsets
K ⊂ G
inf
v∈B;‖v‖=1
max
g∈K
‖ρ(g)v − v‖ = 0.
∗This work was supported by World Premier International Research Center Initiative
(WPI), MEXT, Japan
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Denote by Bρ(G) the closed subspace of G-fixed vectors in B. Then the G-
representation ρ descends to a linear isometric G-representation ρ˜ on B/Bρ(G).
Definition 1 ([BFGM07]). Let B be a Banach space. A topological group
G is said to have property (TB) if for any linear isometric G-representation
ρ : G → O(B), the quotient G-representation ρ˜ : G → O(B/Bρ(G)) does not
almost have invariant vectors.
For a Hilbert space H , Kazhdan’s property (T ) is equivalent to property
(TH). For a locally compact second countable group, Delorme [Del77] and
Guichardet [Gui72] proved that Kazhdan’s property (T ) is equivalent to Serre’s
property (FH), that is, every affine isometric action on a real Hilbert space has
a fixed point.
Definition 2 ([BFGM07]). Let B be a Banach space. A topological group G
is said to have property (FB) if every affine isometric G-action on B has a fixed
point.
In [BFGM07], they proved the following:
Theorem 3 ([BFGM07]). Let G be a locally compact second countable group,
B a Banach space.
(1) If G has property (FB), then G has property (TB).
(2) If G has property (TLp([0,1])) for some 1 ≤ p < ∞, then G has Kazhdan’s
property (T ).
(3) If G has Kazhdan’s property (T ), then G has property (TLp(µ)) for any
σ-finite measure µ and any 1 ≤ p <∞.
(4) If G has Kazhdan’s property (T ), then there exists a constant ǫ(G) > 0
such that G has property (FLp(µ)) for any σ-finite measure µ and any
1 ≤ p < 2 + ǫ(G).
On the other hand, Yu proved
Theorem 4 ([Yu05]). If Γ is a hyperbolic group, then there exists 2 ≤ p(Γ) <∞
such that Γ admits a proper affine isometric action on an ℓp-space for p ≥ p(Γ).
There are hyperbolic groups which have Kazhdan’s property (T ), for ex-
ample, the cocompact lattices of Spn,1(R) (n ≥ 2). Hence property (Fℓp) and
property (Tℓp) are not equivalent for sufficiently large p ≥ 2.
T. Yokota asked us whether results about isometric group actions on Lp-
spaces is true for Orlicz spaces LΦ under appropriate conditions. Here an Orlicz
space is a generalization of Lp-spaces, which is defined in section 2. We prove
the following:
Theorem 5. Let G be a locally compact second countable group, Φ a Young
function with 0 < Φ(t) < ∞ for all t > 0, and K = R or C. If G has property
(TLΦ([0,1],K)), then it has Kazhdan’s property (T ).
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Lp spaces (1 ≤ p <∞) are Orlicz spaces satisfying the assumption of Theo-
rem 5.
Theorem 6. Let G be a locally compact second countable group, and Φ an
N-function such that Φ ∈ ∆Ω2 ∩ ∇Ω2 , and
(1) Ω = [0, 1] and K = R, or (2) Ω = [0, 1] and K = C, or (3) Ω = N
and K = C.
If G has Kazhdan’s property (T ), then it has property (TLΦ(Ω,K)) with respect to
gauge norm.
For an N-function Φ, Φ ∈ ∆Ω2 ∩∇Ω2 if and only if LΦ(Ω,K) is reflexive. Hence
Lp spaces (1 < p <∞) are Orlicz spaces satisfying the assumption of Theorem
6.
Corollary 7. Let G be a locally compact second countable group. For a reflexive
Orlicz space LΦ([0, 1]), G has has Kazhdan’s property (T ) if and only if it has
property (TLΦ([0,1],K)).
A Banach space B is said to be uniformly convex if for every ǫ > 0 the
modulus of convexity
δB(ǫ) = inf
{
1−
∥∥∥∥u+ v2
∥∥∥∥ : ‖u‖ = ‖v‖ = 1, ‖u− v‖ ≥ ǫ
}
is positive. A Banach space B is said to be uniformly smooth if the modulus of
smoothness
ρB(τ) = inf
{‖u+ v‖+ ‖u− v‖
2
− 1 : ‖u‖ = 1, ‖v‖ = τ
}
,
satisfies limτ→0
ρ(τ)
τ
= 0. By [Cla36], the modulus of convexity is calculated as
δLp(ǫ) = 1 − (1 − ( ǫ2 )p)
1
p for p ≥ 2. Uniformly convex (or uniformly smooth)
Banach spaces are reflexive.
Theorem 8. If G has Kazhdan’s property (T ), then there exists a constant
ǫ(G) > 0 such that G has property (FB) for every real (or complex) Banach
spaces B with δB(t) ≥ δL2+ǫ(G)(t) for all 0 < t < 2 (or with ρB(t) ≤ ρL2+ǫ(G)(t)
for all t > 0).
Lp spaces (2 ≤ p ≤ 2 + ǫ(G)) are Orlicz spaces satisfying the assumption of
Theorem 8.
Theorem 9. Let Γ be a hyperbolic group and K = R or C. Then there exists
2 ≤ p(Γ) <∞ such that, for any N-functions Φ and Ψ satisfying
• Φ ∈ ∆N2 (this is equivalent to ℓΦ(Γ,K) is separable) and
• there is a constant C > 0 and t0 > 0 such that Ψ(t) ≤ Ctp(Γ) for all
0 < t ≤ t0,
3
the group Γ admits a proper affine isometric action on ℓΨ(Γ, ℓΦ(Γ,K)) with
gauge norm.
For example, ℓp = ℓp(Γ × Γ) with p ≥ p(G) are Orlicz spaces satisfying the
assumption of Theorem 9.
Acknowledgements. We would like to thank T. Yokota for asking the question
and encouraging us.
2 Orlicz spaces
This section refers to [RR91] and [FJ03].
A function Φ : [0,+∞)→ [0,+∞] is said to be a Young function if it is
(1) convex, i.e., Φ(st1+(1−s)t2) ≤ sΦ(t1)+(1−s)Φ(t2) for all t1, t2 ∈ [0,+∞)
and s ∈ [0, 1];
(2) Φ(0) = 0;
(3) limt→∞Φ(t) = +∞.
The function Φ∗ : [0,+∞)→ [0,+∞] defined by Φ∗(s) := sup{st−Φ(t) : t ≥ 0}
is called the complementary function of Φ, which is also a Young function. A
Young function Φ is called an N-function if it is a Young function satisfying
0 < Φ(t) < ∞ for all t ∈ (0,∞), and limt→0 Φ(t)t = 0, limt→∞ Φ(t)t = ∞. The
complementary function of an N-function is also an N-function. For example,
the function Φp(t) =
tp
p
(1 < p <∞) is an N-function, and the complementary
function is Φ∗p(s) =
sq
q
, where 1
p
+ 1
q
= 1. The functions
Φ1(t) = |t| and Φ∞(t) =
{
0 (t ∈ [−1, 1])
+∞ (otherwise)
are Young functions, but they are not N-function.
Let Ω be a σ-finite measure space with a positive measure µ, and K = R or
C.
Definition 10. For a Young function Φ, the space
LΦ(Ω,K) :=
{
f : Ω→ K | measurable,
∫
Ω
Φ(a|f |)dµ <∞ for some a > 0
}
/ ∼
is called an Orlicz space, where f ∼ g means f = g µ-a.e.. For f ∈ LΦ, we
define
‖f‖(Φ) := inf
{
b > 0 :
∫
Ω
Φ
( |f |
b
)
dµ ≤ 1
}
.
The ‖ ‖(Φ) is a norm on LΦ, which is called the gauge norm (or the Luxemburg-
Nakano norm). For f ∈ LΦ, we define
‖f‖Φ := sup
{∫
Ω
|fψ|dµ :
∫
Ω
Φ∗ (|ψ|) dµ ≤ 1
}
.
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The ‖ · ‖Φ is also a norm on LΦ, which is called the Orlicz norm. The norm
spaces (LΦ, ‖ ‖(Φ)) and (LΦ, ‖ · ‖Φ) are Banach spaces.
Since (LΦp , ‖ ‖(Φp)) = (Lp, ‖ ‖Lp) for 1 ≤ p ≤ ∞, an Orlicz spaces with
gauge norm are generalization of Lp spaces. Gauge norm and Orlicz norm have
the relation
‖f‖(Φ) ≤ ‖f‖Φ ≤ 2‖f‖(Φ) (1)
for any f ∈ LΦ.
We consider the following conditions for Ω = [0, 1] with the Lebesgue mea-
sure µ, and Ω = N with the counting measure µ. A Young function Φ is said to
satisfy the ∆Ω2 -condition and denoted as Φ ∈ ∆Ω2 if there are K > 0 and t0 > 0
such that
Φ(2t) ≤ KΦ(t) for all t ≥ t0 if Ω = [0, 1] (for all 0 < t ≤ t0 if Ω = N).
A Young function Φ is said to satisfy the ∇Ω2 -condition and denoted as Φ ∈ ∇Ω2
if there are c > 1 and t0 > 0 such that
2cΦ(t) ≤ Φ(ct) for all t ≥ t0 if Ω = [0, 1] (for all 0 < t ≤ t0 if Ω = N).
For example, Φp ∈ ∆Ω2 for 1 ≤ p <∞ and Φp ∈ ∇Ω2 for 1 < p <∞. If Φ ∈ ∆Ω2 ,
then the simple functions on Ω are dense in LΦ, and∫
Ω
Φ
(
f
‖f‖(Φ)
)
dµ = 1
for f ∈ LΦ with f 6= 0. For an N-function Φ, Φ ∈ ∆Ω2 ∩ ∇Ω2 if and only if
LΦ(Ω,K) is reflexive. Note that the uniform continuity and uniform smooth-
ness of LΦ(Ω,R) can be written by conditions for Φ and Φ∗, which are strictly
stronger than Φ ∈ ∆Ω2 ∩ ∇Ω2 .
Theorem 11 ([RR02]). For a N-function Φ and 0 < s ≤ 1, let Φ(s) be the
inverse function of Φ−1(s)(t) = (Φ
−1(t))1−st
s
2 . Then Φ(s) is also an N-function
and for 0 < ǫ ≤ 2
δ
L
Φ(s) (Ω,R)
(ǫ) ≥ 1−
(
1−
( ǫ
2
) 2
s
) s
2
= δ
L
2
s (Ω,R)
(ǫ).
The function Φ(s) is an N-function between Φ(0) = Φ and Φ(1) = Φ2 in some
sense. For example, let p(s) = 1
(1−s) 1
p
+s 12
for 1 ≤ p <∞, then
Φp,(s) =
tp(s)
p
1−s
p
p(s)
=
p(s)
p
1−s
p
p(s)
Φp(s).
Hence we can easily construct uniformly convex Orlicz spaces satisfying the
assumption of Theorem 8.
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3 Proof of Theorem 5
Theorem 5. Let G be a locally compact second countable group, Φ a Young
function with 0 < Φ(t) < ∞ for all t > 0, and K = R or C. If G has property
(TLΦ([0,1],K)), then it has Kazhdan’s property (T ).
Proof. Assume that G does not have Kazhdan’s property (T ). Connes and
Weiss [CW80] construct a measure-preserving, ergodic G-action on a standard
non-atomic probability space (Ω, µ) which admits an asymptotically invariant
measurable subsets {En}∞n=1 such that
µ(En) =
1
2
and µ(gEn△En)→ 0 for all g ∈ G.
As in 4.c in [BFGM07], we can take this {En}∞n=1 such as the convergence
µ(gEn△En) → 0 is uniform on compact subsets of G. Consider the linear
isometric G-representation ρ on B = LΦ(Ω,K) defined by ρ(g)f(x) = f(g−1x).
Then Bρ(G) = KχΩ, the constant functions on Ω. Let B˜ = B/B
ρ(G). From
the assumption, Φ has the inverse Φ−1 : [0,∞) → [0,∞). Hence for f˜n =
2χEn − χΩ +KχΩ ∈ B˜, we have
‖f˜n‖B˜ = inf
a∈K
‖2χEn − χΩ + aχΩ‖(Φ)
= inf
a∈K
inf
{
b > 0 |
∫
Ω
Φ
( |2χEn − χΩ + aχΩ|
b
)
dµ ≤ 1
}
= inf
a∈K
inf
{
b > 0 |
∫
En
Φ
( |1 + a|
b
)
dµ+
∫
Ω−En
Φ
( |a− 1|
b
)
dµ ≤ 1
}
= inf
a∈K
inf
{
b > 0 | 1
2
Φ
( |1 + a|
b
)
+
1
2
Φ
( |1− a|
b
)
≤ 1
}
≥ inf
{
b > 0 | Φ
(
1
b
)
≤ 2
}
=
1
Φ−1(2)
> 0.
and
‖ρ˜(g)f˜n − f˜n‖B˜ = inf
a∈K
‖ρ(g)(2χEn − χΩ)− (2χEn − χΩ) + aχΩ‖(Φ)
≤ ‖ρ(g)(2χEn − χΩ)− (2χEn − χΩ)‖(Φ)
= 2‖χgEn△En‖(Φ)
= 2 inf
{
b > 0 |
∫
Ω
Φ
(χgEn△En
b
)
dµ ≤ 1
}
= 2 inf
{
b > 0 | Φ
(
1
b
)
µ(gEn△En) ≤ 1
}
=
2
Φ−1( 1
µ(gEn△En)
)
.
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Define f˜ ′n =
f˜n
‖f˜n‖B˜
. Since Φ−1(t)→∞ as t→∞, we have
‖ρ˜(g)f˜ ′n − f˜ ′n‖B˜ ≤
‖ρ˜(g)f˜n − f˜n‖B˜
‖f˜n‖B˜
≤ 2Φ
−1(2)
Φ−1( 1
µ(gEn△En)
)
→ 0
as n → ∞ uniformly on compact subsets of G. This means ρ˜ almost has the
invariant vectors {f˜ ′n}∞n=1. Hence G does not have property (TLΦ([0,1],K)) for
gauge norm. Using (1), we can prove for Orlicz norm.
4 Generalized Mazur map
Delpech proved the Ho¨lder continuity of a generalized Macer map on the unit
sphere of real reflexive Orlicz spaces in [Del05]. In this section, we see the Ho¨lder
continuity of a generalized Mazur map around the unit sphere of real or complex
reflexive Orlicz spaces.
Let Ω = [0, 1] or N, and K = R or C, and denote by LΦ as LΦ(Ω,K).
Definition 12. Let Φ,Ψ be two N-functions. The map
φΦΨ : L
Φ → LΨ; f 7→ φΦΨ(f) := Ψ−1 ◦ Φ(|f |) sign(f)
is called the generalised Mazur map, where sign(f)(x) := f(x)/|f(x)| for x ∈ Ω
with f(x) 6= 0.
Note that if Φ,Ψ ∈ ∆Ω2 , then φΦΨ is a bijection between the unit sphere SΦ
of LΦ and the unit sphere SΨ of L
Ψ.
Theorem 13. Let Φ and Ψ be N-functions with Φ,Ψ ∈ ∆Ω2 ∩ ∇Ω2 . Then the
generalized Mazur map φΦΨ : AΦ → LΨ is a 1 ∧ α-Ho¨lder map for some 0 <
α <∞, where AΦ = {f ∈ LΦ | 12 ≤ ‖f‖(Φ) ≤ 32}.
For 0 < α ≤ β < ∞, a non-decreasing continuous function ϕ : [0,∞) →
[0,∞) with ϕ(0) = 0 is said to be in the class K(α, β), and denoted as ϕ ∈
K(α, β), if ϕ(t)
tα
is a non-decreasing function of t > 0 and ϕ(t)
tβ
is a non-increasing
function of t > 0. Hence for ϕ ∈ K(α, β), r ≥ 1 and 0 < s ≤ 1, we have
rαϕ(t) ≤ ϕ(rt), ϕ(st) ≤ sαϕ(t), ϕ(rt) ≤ rβϕ(t), sβϕ(t) ≤ ϕ(st). (2)
As Remark 2.2 (i) and Proposition 2.3 in [Del05], for Φ ∈ ∆Ω2 ∩∇Ω2 , there exist
constants 0 < pΦ ≤ qΦ < ∞, D > 0, C > 0 and an N-function Φ˜ ∈ K(pΦ, qΦ)
such that
DΦ(t) ≤ Φ˜(t) ≤ CΦ(t)
for all t ≥ t0 if Ω = [0, 1] (for all 0 < t ≤ t0 if Ω = N). Then LΦ˜ = LΦ as set,
and the identity map is isomorphism. Hence the map AΦ ∋ f 7→ ‖f‖(Φ)‖f‖(Φ˜) f ∈ AΦ˜
is a bi-Lipschitz homeomorphism. Thus we may assume Φ ∈ K(pΦ, qΦ) and
Ψ ∈ K(pΨ, qΨ).
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For α = pΦ
qΨ
and β = qΦ
pΨ
, the non-decreasing continuous function ϕ = Ψ−1◦Φ
is in the class K(α, β). Then for f ∈ LΦ with ‖f‖(Φ) ≥ 1, by the inequalities
(2), since ϕ
(
|f(x)|
‖f‖(Φ)
)
≤ ϕ(|f(x)|)‖f‖α
(Φ)
, we have
1 =
∥∥∥∥φΦΨ
(
f
‖f‖(Φ)
)∥∥∥∥
(Ψ)
=
∥∥∥∥ϕ
( |f |
‖f‖(Φ)
)∥∥∥∥
(Ψ)
≤
∥∥∥∥∥ϕ (|f |)‖f‖α(Φ)
∥∥∥∥∥
(Ψ)
=
‖φΦΨ (f)‖(Ψ)
‖f‖α(Φ)
.
Hence ‖f‖α(Φ) ≤ ‖φΦΨ (f)‖(Ψ). Similarly, we have ‖φΦΨ (f)‖(Ψ) ≤ ‖f‖β(Φ). For
f ∈ LΦ with 0 < ‖f‖(Φ) ≤ 1, we have ‖f‖β(Φ) ≤ ‖φΦΨ (f)‖(Ψ) ≤ ‖f‖α(Φ). That
is, for f ∈ LΦ,
min{‖f‖α(Φ), ‖f‖β(Φ)} ≤ ‖φΦΨ (f)‖(Ψ) ≤ max{‖f‖α(Φ), ‖f‖β(Φ)} (3)
holds.
Lemma 14. Let ϕ ∈ K(α, β). Then for all a, b ∈ C with a, b 6= 0 we have:
• If β ≤ 1, then
|ϕ(|a|) sign(a)− ϕ(|b|) sign(b)| ≤ ϕ(|a− b|) + 4 |a− b||a|+ |b|ϕ(|a|+ |b|).
• If β ≥ 1, then
|ϕ(|a|) sign(a)− ϕ(|b|) sign(b)| ≤ (2β + 4) |a− b||a|+ |b|ϕ(|a|+ |b|).
Proof. We have
|ϕ(|a|) sign(a)− ϕ(|b|) sign(b)|
≤ |ϕ(|a|) sign(a)− ϕ(|b|) sign(a)|+ |ϕ(|b|) sign(a)− ϕ(|b|) sign(b)|
≤ |ϕ(|a|)− ϕ(|b|)|+ | sign(a)− sign(b)|ϕ(|a| + |b|).
Hence
| sign(a)− sign(b)|ϕ(|a|+ |b|)
≤ | sign(a)− sign(b)|(|a|+ |b|)|a|+ |b| ϕ(|a|+ |b|)
=
||a| sign(a)− |a| sign(b)|+ ||b| sign(a)− |b| sign(b)|
|a|+ |b| ϕ(|a|+ |b|)
≤ |a− b|+ |b− |a| sign(b)|+ ||b| sign(a)− a|+ |a− b||a|+ |b| ϕ(|a|+ |b|)
≤ |a− b|+ ||b| − |a||+ ||b| − |a||+ |a− b||a|+ |b| ϕ(|a|+ |b|)
≤ 4 |a− b||a|+ |b|ϕ(|a|+ |b|)
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If |b| = |a|, then the lemma was proved. We can suppose that 0 < |b| < |a|. If
β ≤ 1, then ϕ(t)
t
is a non-increasing function of t. Hence
ϕ(|a|) − ϕ(|b|) = |b||a|ϕ(|a|) +
|a| − |b|
|a| ϕ(|a|) − ϕ(|b|)
≤ |b|ϕ(|b|)|b| + (|a| − |b|)
ϕ(|a| − |b|)
|a| − |b| − ϕ(|b|)
= ϕ(|a| − |b|)
≤ ϕ(|a− b|).
On the other hand, if β ≥ 1, then 1 − tβ ≤ β(1 − t) for t ∈ [0, 1]. Using this
inequality, since ϕ is in the class K(α, β), we have
ϕ(|a|)− ϕ(|b|) = ϕ(|a|) − |b|β ϕ(|b|)|b|β
≤ ϕ(|a|) − |b|β ϕ(|a|)|a|β
=
(
1− |b|
β
|a|β
)
|a|αϕ(|a|)|a|α
≤ β
(
1− |b||a|
) |a|α
(|a|+ |b|)αϕ(|a|+ |b|).
If α ≥ 1, then |a|α(|a|+|b|)α ≤ 1 ≤ 2 |a||a|+|b| . If α ≤ 1, then
|a|α
(|a|+ |b|)α =
( |a|+ |b|
|a|
)1−α |a|
|a|+ |b| ≤ 2
|a|
|a|+ |b| .
Hence
β
(
1− |b||a|
) |a|α
(|a|+ |b|)αϕ(|a|+ |b|) ≤ 2β
(
1− |b||a|
) |a|
|a|+ |b|ϕ(|a|+ |b|)
= 2β
|a| − |b|
|a|+ |b|ϕ(|a|+ |b|)
≤ 2β |a− b||a|+ |b|ϕ(|a|+ |b|).
This proves the lemma.
Using above lemma, we can prove Theorem 13 as in [Del05].
Proof of Theorem 13. We may assume ϕ = Ψ−1 ◦Φ ∈ K(α, β) for some 0 < α ≤
β <∞. Fix f, h ∈ AΦ with f 6= h. Let
∆ΦΨ(x) = |φΦΨ(f)(x)−φΦΨ(h)(x)| = |ϕ(|f(x)|) sign(f(x))−ϕ(|h(x)|) sign(h(x))|,
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v(x) = |f(x)−h(x)| and w(x) = |f(x)|+|h(x)| for x ∈ Ω. Our aim is to estimate
‖φΦΨ(f)− φΦΨ(h)‖(Ψ) = ‖∆ΦΨ‖(Ψ) = inf
{
b > 0 |
∫
Ω
Ψ
(
∆ΦΨ
b
)
dµ(x) ≤ 1
}
using ‖f −h‖(Φ) = ‖v‖(Φ). We show the estimate for the three cases α ≤ β ≤ 1,
α ≤ 1 ≤ β, and 1 ≤ α ≤ β.
Case 1: α ≤ β ≤ 1.
Let b =
‖v‖α(Φ)
8 , then 0 < b < 1. Since β ≤ 1, using Lemma 14 we have
∆ΦΨ(x)
b
≤ 1
b
ϕ(v(x)) +
4
b
v(x)
w(x)
ϕ(w(x)) ≤ 4
b
ϕ(v(x)) +
4
b
v(x)
w(x)
ϕ(w(x)).
If 4
b
≤ 1 and 4
b
v(x)
w(x) ≤ 1, then since 1β − 1 ≥ 0, v(x)w(x) ≤ 1, and b < 1, using
inequalities (2) we have
4
b
ϕ(v(x)) +
4
b
v(x)
w(x)
ϕ(w(x)) ≤ ϕ
((
4
b
) 1
β
v(x)
)
+ ϕ
((
4
b
v(x)
w(x)
) 1
β
w(x)
)
≤ 2ϕ
((
4
b
) 1
β
v(x)
)
≤ ϕ
(
2
1
α
4
1
β
b
1
β
v(x)
)
≤ ϕ
(
8
1
α
b
1
α
v(x)
)
.
Similarly, for other cases (4
b
> 1 or 4
b
v(x)
w(x) > 1) we have
4
b
ϕ(v(x)) +
4
b
v(x)
w(x)
ϕ(w(x)) ≤ ϕ
((
8
b
) 1
α
v(x)
)
.
Hence
∫
Ω
Ψ
(
∆ΦΨ(x)
b
)
dµ(x) ≤
∫
Ω
Ψ
(
ϕ
((
8
b
) 1
α
v(x)
))
dµ(x)
=
∫
Ω
Φ
(
v(x)
‖v‖(Φ)
)
dµ(x)
= 1.
This means ‖∆ΦΨ‖(Ψ) ≤ ‖v‖
α
(Φ)
8 . Hence φΦΨ is α-Ho¨lder on AΦ.
Case 2: 1 ≤ α ≤ β.
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Let b = 3β(2β+4)‖v‖(Φ). Since β ≥ 1, using Lemma 14 and inequalities (2)
we have
∆ΦΨ(x)
b
≤ 2β + 4
b
v(x)
w(x)
ϕ(w(x)) ≤ 3
β(2β + 4)
b
v(x)
w(x)
ϕ
(
w(x)
3
)
.
Let Ω1 := {x ∈ Ω | 3
β(2β+4)
b
v(x)
w(x) ≤ 1} and Ω2 := {x ∈ Ω | 3
β(2β+4)
b
v(x)
w(x) > 1}. If
x ∈ Ω1, by the convexity of Ψ
Ψ
(
∆ΦΨ(x)
b
)
≤ Ψ
(
3β(2β + 4)
b
v(x)
w(x)
ϕ
(
w(x)
3
))
≤ 3
β(2β + 4)
b
v(x)
w(x)
Ψ
(
ϕ
(
w(x)
3
))
=
3β(2β + 4)
b
v(x)
w(x)
Φ
(
w(x)
3
)
.
Since ∥∥∥w
3
∥∥∥
(Φ)
=
∥∥∥∥ |f |+ |h|3
∥∥∥∥
(Φ)
≤
‖f‖(Φ) + ‖h‖(Φ)
3
≤ 1,
using the inequality Φ∗
(
Φ(t)
t
)
≤ Φ(t) for t > 0 (see [KR61], p.13), we have
∫
Ω
Φ∗

Φ
(
w(x)
3
)
w(x)
3

 dµ(x) ≤ ∫
Ω
Φ
(
w(x)
3
)
dµ(x) ≤ 1.
Thus ∥∥∥∥∥∥
Φ
(
w(x)
3
)
w(x)
3
∥∥∥∥∥∥
(Φ∗)
≤ 1.
Using non-normalized Ho¨lder inequality (see Proposition 1 at 3.3 in [RR91]),
we have∫
Ω1
Ψ
(
∆ΦΨ(x)
b
)
dµ(x) ≤
∫
Ω1
3β(2β + 4)
b
v(x)
w(x)
Φ
(
w(x)
3
)
dµ(x)
≤ 3
β−1(2β + 4)
b
2‖v‖(Φ)
∥∥∥∥∥∥
Φ
(
w(x)
3
)
w(x)
3
∥∥∥∥∥∥
(Φ∗)
≤ 2
3
.
On the other hand, since ϕ(t)
t
is a non-decreasing function, for x ∈ Ω2 we have
3β(2β + 4)
b
v(x)
w(x)
ϕ
(
w(x)
3
)
≤ ϕ
(
3β(2β + 4)
b
v(x)
w(x)
w(x)
3
)
= ϕ
(
v(x)
3‖v‖(Φ)
)
.
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Hence by the convexity of Φ∫
Ω2
Ψ
(
∆ΦΨ(x)
b
)
dµ(x) ≤
∫
Ω
Φ
(
v(x)
3‖v‖(Φ)
)
dµ(x) ≤ 1
3
.
Summarizing these inequalities, we have∫
Ω
Ψ
(
∆ΦΨ(x)
b
)
dµ(x) ≤ 1.
This means ‖∆ΦΨ‖(Ψ) ≤ b = 3β(2β + 4)‖v‖(Φ). Hence φΦΨ is Lipschitz on AΦ.
Case 3: α ≤ 1 ≤ β.
Let b = 3β−α+1(2β + 4)‖v‖α(Φ). Since β ≥ 1, as above
1
b
∆ΦΨ(x) ≤ 3
β(2β + 4)
b
v(x)
w(x)
ϕ
(
w(x)
3
)
.
Let Ω1 := {x ∈ Ω | 3
β(2β+4)
b
v(x)
w(x) ≤ 1} and Ω2 := {x ∈ Ω | 3
β(2β+4)
b
v(x)
w(x) > 1}.
Since
‖v‖(Φ)
3 ≤
(
‖v‖(Φ)
3
)α
, for x ∈ Ω1, as above we have
∫
Ω1
Ψ
(
∆ΦΨ(x)
b
)
dµ(x) ≤ 3
β−1(2β + 4)2‖v‖(Φ)
b
≤
3β−1(2β + 4)31−α2‖v‖α(Φ)
b
≤ 2
3
.
On the other hand, for x ∈ Ω2, using inequalities (2) we have
3β(2β + 4)
b
v(x)
w(x)
ϕ
(
w(x)
3
)
≤ ϕ
((
3β(2β + 4)
b
v(x)
w(x)
) 1
α w(x)
3
)
= ϕ
(
3
β
α
−1(2β + 4)
1
α
b
1
α
(
v(x)
w(x)
) 1
α
−1
v(x)
)
≤ ϕ
(
3
β
α
−1(2β + 4)
1
α
b
1
α
v(x)
)
≤ ϕ
(
v(x)
3
1
α ‖v‖(Φ)
)
.
Hence by the convexity of Φ
∫
Ω2
Ψ
(
∆ΦΨ(x)
b
)
dµ(x) ≤
∫
Ω
Φ
(
v(x)
3
1
α ‖v‖(Φ)
)
dµ(x) ≤ 1
3
1
α
≤ 1
3
.
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Summarizing these inequalities, we have∫
Ω
Ψ
(
∆ΦΨ(x)
b
)
dµ(x) ≤ 1.
This means ‖∆ΦΨ‖(Ψ) ≤ b = 3β−α+1(2β+4)‖f −h‖α(Φ). Hence φΦΨ is α-Ho¨lder
on AΦ. This completes the proof.
5 Proof of Theorem 6
Let G be a locally compact second countable group, and Φ an N-function such
that Φ ∈ ∆Ω2 ∩ ∇Ω2 , and
(1) Ω = [0, 1] and K = R, or (2) Ω = [0, 1] and K = C, or (3) Ω = N and
K = C.
By Proposition 4 at 3.2 in [RR91] the Orlicz space LΦ([0, 1],K) with the gauge
norm ‖ ‖(Φ) is a rearrangement-invariant function space. Hence by Theorem 10
in [Lum63], Theorem 1.1 in [KR94], by Theorem 1 in [Ara85] (since Ω = N has
counting measure), for a surjective linear isometry U on LΦ(Ω,K), there exist
a Borel function h : Ω→ R, and an invertible Borel map T : Ω→ Ω such that
(i) for any Borel set A ⊂ Ω, µ(T−1A) = 0 if and only if µ(A) = 0, and
(ii) for all f ∈ LΦ(Ω)
Uf(x) = h(x)f(T (x)) a.e. x ∈ Ω. (4)
In particular, if Ω = N, then |h(x)| = 1 for all x ∈ Ω. When Ω = [0, 1], since
µ ◦ T is a measure which is absolutely continuous with respect to µ, it has the
Radon-Nykodym derivative r : [0, 1]→ [0,∞), which satisfies
µ(TA) =
∫
A
r(x)dµ,
∫
A
f(x)dµ(x) =
∫
T−1A
f(Tx)r(x)dµ(x)
for any Borel set A ⊂ [0, 1] and any f ∈ LΦ([0, 1],K). Under this situation, by
the same proof of Theorem 5.4.10 (106) in [FJ03], the equation (4) implies
Φ(|h(x)|α) = r(x)Φ(α) (5)
for almost all x ∈ [0, 1] and all α ≥ 0.
Lemma 15. The conjugation
U 7→ φΦ,t2 ◦ U ◦ φt2,Φ
is a homomorphism from O(LΦ(Ω,K)) to O(L2(Ω,K)).
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Proof. For a simple function f ∈ L2(Ω,K), using the equations (4) and (5) we
have
φΦ,t2 ◦ U ◦ φt2,Φ(f)(x)
= φΦ,t2 ◦ U
(
Φ−1(|f(x)|2) sign(f(x)))
= φΦ,t2
(
h(x)Φ−1(|f(Tx)|2) sign(f(Tx)))
=
(
Φ
(|h(x)Φ−1(|f(Tx)|2) sign(f(Tx))|)) 12 sign (h(x) sign(f(Tx)))
=
(
r(x)Φ
(
Φ−1(|f(Tx)|2))) 12 sign(h(x)) sign(f(Tx))
= r(x)
1
2 sign(h(x))f(Tx)
Hence the map U 7→ φΦ,t2 ◦ U ◦ φt2,Φ is linear. Furthermore, since Ω = T−1Ω,
we have
‖φΦ,t2 ◦ U ◦ φt2,Φ(f)‖2L2 =
∫
Ω
|r(x) 12 sign(h(x))f(Tx)|2dµ(x)
=
∫
T−1Ω
|f(Tx)|2r(x)dµ(x)
=
∫
Ω
|f(x)|2dµ(x)
= ‖f‖2L2.
If we define (φΦ,t2 ◦ U ◦ φt2,Φ)−1 := φΦ,t2 ◦ U−1 ◦ φt2,Φ, then
(φΦ,t2 ◦ U ◦ φt2,Φ)−1φΦ,t2 ◦ U ◦ φt2,Φ = φΦ,t2 ◦ U−1 ◦ φt2,Φ ◦ φΦ,t2 ◦ U ◦ φt2,Φ
= id .
Hence φΦ,t2 ◦ U ◦ φt2,Φ is an invertible linear isometry on the subspace {simple
functions} ⊂ L2(Ω,K). By extending the map U 7→ φΦ,t2 ◦ U ◦ φt2,Φ to the
linear isometry on L2(Ω,K), we have the homomorphism from O(LΦ(Ω,K)) to
O(L2(Ω,K)).
Theorem 6. Let G be a locally compact second countable group, and Φ an
N-function such that Φ ∈ ∆Ω2 ∩ ∇Ω2 , and
(1) Ω = [0, 1] and K = R, or (2) Ω = [0, 1] and K = C, or (3) Ω = N
and K = C.
If G has Kazhdan’s property (T ), then it has property (TLΦ(Ω,K)) with respect to
gauge norm.
Proof. Assume G does not have property (TLΦ(Ω,K)). Write B = L
Φ(Ω,K) and
H = L2(Ω,K) (H = L2(Ω × {1,√−1},R) if K = C). Then there is a linear
isometric G-representation ρ : G → O(B) so that the quotient representation
ρ˜ : G → O(B/Bρ(G)) almost has invariant vectors, i.e. for any compact subset
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K ⊂ G and n ∈ N, there exist unit vectors f˜n = fn+Bρ(G) ∈ B˜ := B/Bρ(G) so
that
max
g∈K
‖ρ˜(g)f˜n − f˜n‖B˜ = max
g∈K
inf
h∈Bρ(G)
‖ρ(g)fn − fn − h‖B < 1
n2
.
Hence for each g ∈ K and n ∈ N, there is hg,n ∈ Bρ(G) such that
‖(ρ(g)fn − fn)− hg,n‖B < 1
n2
.
Thus for i ∈ N we have
‖(ρ(gi)fn − ρ(gi−1)fn)− hg,n‖B = ‖ρ(gi−1)(ρ(g)fn − fn − hg,n)‖B < 1
n2
.
Hence
‖(ρ(gn)fn − fn)− nhg,n‖B ≤
n∑
i=1
‖(ρ(gi)fn − ρ(gi−1)fn)− hg,n‖B < 1
n
.
On the other hand, since ‖f˜n‖B˜ = 1, there is hn ∈ Bρ(G) such that
1 ≤ ‖fn − hn‖B ≤ 1 + 1
n2
.
Hence
‖ρ(gn)fn − fn‖B ≤ ‖ρ(gn)fn − ρ(gn)hn‖B + ‖fn − hn‖B ≤ 2 + 2
n2
.
Since
n‖hg,n‖B = ‖nhg,n‖B
≤ ‖(ρ(gn)fn − fn)− nhg,n‖B + ‖ρ(gn)fn − fn‖B
≤ 2 + 1
n
+
2
n2
,
we get
‖ρ(g)fn − fn‖B ≤ ‖(ρ(g)fn − fn)− hg,n‖B + ‖hg,n‖B ≤ 2
n
+
2
n2
+
2
n3
≤ 6
n
.
Thus the sequences {f ′n = fn‖fn−hn‖B }n∈N ⊂ B, {h′n = hn‖fn−hn‖B }n∈N ⊂ Bρ(G)
satisfy ‖f ′n − h′n‖B = 1 and
max
g∈K
‖ρ(g)(f ′n − h′n)− (f ′n − h′n)‖B =
maxg∈K ‖ρ(g)(fn − hn)− (fn − hn)‖B
‖fn − hn‖B
≤ 6
n
.
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Let us then define π : G → O(H) by π(g) = φΦ,t2 ◦ ρ(g) ◦ φt2,Φ. Then φΦ,t2
maps Bρ(G) onto Hπ(G). Let vn := φΦ,t2(f ′n − h′n). Then ‖vn‖H = 1 and by
Theorem 13 there are 0 < α <∞ and a constant C > 0 such that
max
g∈K
‖π(g)vn − vn‖H = max
g∈K
‖φΦ,t2(ρ(g)(f ′n − h′n))− φΦ,t2(f ′n − h′n)‖H
≤ C
(
6
n
)1∧α
.
From the inequalities (3), there is δ > 0 such that if 1− δ ≤ ‖u‖H ≤ 1+ δ, then
1
2 ≤ ‖φt2,Φ(u)‖H ≤ 32 . For n ∈ N and u ∈ Hπ(G), if ‖u‖H < 1− δ, then
‖vn − u‖H ≥ ‖vn‖H − ‖u‖H > δ,
if ‖u‖H > 1 + δ, then
‖vn − u‖H ≥ ‖u‖H − ‖vn‖H > δ,
if 1− δ ≤ ‖u‖H ≤ 1 + δ, then
C‖vn − u‖1∧αH ≥ ‖φt2,Φ(vn)− φt2,Φ(u)‖B
= ‖f ′n − h′n − φt2,Φ(u)‖B
≥ inf
h∈Bρ(G)
‖f ′n − h‖B
= inf
h∈Bρ(G)
∥∥∥∥ fn‖fn − hn‖B − h
∥∥∥∥
B
=
infh∈Bρ(G) ‖fn − h‖B
‖fn − hn‖B
≥ 1
1 + 1
n2
≥ 1
2
for some C > 0 and 0 < α < ∞. That is, there is a constant δ′ > 0 such that
for all n ∈ N
inf
u∈Hπ(G)
‖vn − u‖H ≥ δ′.
Let wn denote the projection of vn to H
′ = (Hπ(G))⊥. Then ‖wn‖H ≥ δ′ > 0
for all n and
max
g∈K
∥∥∥∥π(g) wn‖wn‖H −
wn
‖wn‖H
∥∥∥∥
H
≤ max
g∈K
1
δ′
‖π(g)vn − vn‖H → 0 as n→∞.
Thus the restriction π′ of π to H ′ does not G-invariant vectors, but almost does.
Hence G does not have Kazhdan’s property (T ).
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6 Proof of Theorem 8
Theorem 8. If a locally compact second countable topological group G has prop-
erty (T ), then there exists a constant ǫ(G) > 0 such that G has property (FB)
for every real (or complex) Banach spaces B with δB(t) ≥ δL2+ǫ(G)(t) for all
0 < t < 2 (or ρB(t) ≤ ρL2+ǫ(G)(t) for all t > 0).
Proof. Since G is a locally compact second countable topological group with
Kazhdan’s property (T ), it is compactly generated. Fix a compact generating
subset K with non-empty interior of G.
Lemma 16. There exist a constant ǫ(G) > 0 and C <∞ such that for any real
(or complex) Banach space (B, ‖ ‖) with δB(t) ≥ δL2+ǫ(G)(t) for all 0 < t < 2
(or ρB(t) ≤ ρL2+ǫ(G)(t) for all t > 0), any affine isometric action α of G on B,
and any point x ∈ B with maxg∈K ‖α(g, x)− x‖ > 0, there exists a point y ∈ B
with
‖x− y‖ ≤ Cmax
g∈K
‖α(g, x)− x‖, max
g∈K
‖α(g, y)− y‖ ≤ maxg∈K ‖α(g, x)− x‖
2
.
Proof. By contradiction, we assume for any n ∈ N there exist Banach spaces
(Bn, ‖ ‖n) with δBn(t) ≥ δL2+ 1n (t) for all 0 < t < 2, affine isometric G-
actions αn on Bn, and points xn ∈ Bn such that, after a rescaling to achieve
maxg∈K ‖αn(g, xn)− xn‖n = 1,
max
g∈K
‖αn(g, y)− y‖n > 1
2
for all y ∈ Bn with ‖y − xn‖n ≤ n.
Let ω be a non-principal ultrafilter. Set (Bω , ‖ ‖ω) be the ultraproduct of the
spaces (Bn, ‖ ‖n) with the marked points xn. For 0 < ǫ ≤ 2, we take u, v ∈ Bω
with ‖u‖ω = ‖v‖ω = 1 and ‖u− v‖ω ≥ ǫ. Let (un) be the representatives of u,
(vn) of v, and 0 < η < ǫ. Then by the uniform convexity
{n ∈ N : | ‖un‖n − 1| < η, | ‖vn‖n − 1| < η, |‖u− v‖ω − ‖un − vn‖n| < η}
⊂ {n ∈ N : | ‖un‖n − 1| < η, | ‖vn‖n − 1| < η, ‖un − vn‖n > ǫ− η}
⊂
{
n ∈ N : ‖un‖n
1 + η
< 1,
‖vn‖n
1 + η
< 1,
‖un − vn‖n
1 + η
>
ǫ − η
1 + η
}
⊂
{
n ∈ N : ‖un + vn‖n
2(1 + η)
≤ 1− δBn
(
ǫ− η
1 + η
)}
.
Since the set at the top line is in ω, the set at the bottom line is also in ω. Since
δ
L
2+ 1
m
≤ δ
L
2+ 1
n
for m ≤ n, for fixed m ∈ N we have{
n ∈ N : ‖un + vn‖n
2(1 + η)
≤ 1− δ
L
2+ 1
m
(
ǫ− η
1 + η
)}
∩ {n ∈ N : n ≥ m} ∈ ω.
Since η is arbitrary, we have
‖u+ v‖ω
2
≤ inf
0<η<ǫ
(1 + η)
(
1− δ
L
2+ 1
m
(
ǫ− η
1 + η
))
= 1− δ
L
2+ 1
m
(ǫ),
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that is, δBω (ǫ) ≥ δL2+ 1m (ǫ) for 0 < ǫ ≤ 2. Since m is also arbitrary, we have
δBω(ǫ) ≥ δL2(ǫ) for 0 < ǫ ≤ 2. This means (Bω, ‖ ‖ω) is a Hilbert space (see
p.410 in [BL00] and Theorem 7.2. in [Day47]). Since G is generated by K and
maxg∈K ‖α(g, xn)−xn‖n = 1, we obtain an affine isometric G-action αω on the
Hilbert space Bω from αn. Then, by the assumption, for any y ∈ Bω, we have
max
g∈K
‖αω(g, y)− y‖ω ≥ 1
2
,
that is, αω has no fixed point. This means G does not have property (FH),
hence contradicting the property (T ) of G. For B with ρB(t) ≤ ρL2+ǫ(G)(t) for
all t > 0, we can prove in a similar manner.
Let α be an arbitrary affine isometric G-action on a Banach space B with
δB(t) ≥ δL2+ǫ(G)(t) for all 0 < t < 2 (or ρB(t) ≤ ρL2+ǫ(G)(t) for all t > 0).
Define a sequence xn ∈ B inductively, starting from an arbitrary x0 ∈ B. Given
xn, let Rn = maxg∈K ‖α(g, xn)− xn‖. Then, applying the lemma, there exists
xn+1 ∈ B with
‖xn − xn+1‖ ≤ CRn
so that
Rn+1 = max
g∈K
‖α(g, xn+1)− xn+1‖ ≤ Rn
2
.
We get Rn ≤ R0/2n and
∞∑
n=1
‖xn+1 − xn‖B ≤ CR0
∞∑
n=1
1
2n
= CR0 <∞.
The limit of the Cauchy sequence {xn}∞n=1 is a G-fixed point of α.
7 Proof of Theorem 9
Theorem 9. Let Γ be a hyperbolic group and K = R or C. Then there exists
2 ≤ p = p(Γ) <∞ such that, for any N-functions Φ and Ψ satisfying
• Φ ∈ ∆N2 , and
• there is a constant D > 0 and t0 > 0 such that Ψ(t) ≤ Dtp for all
0 < t ≤ t0,
Γ admits a proper affine isometric action on the ℓΨ(Γ, ℓΦ(Γ,K)) space with gauge
norm, where
ℓΨ(Γ, ℓΦ(Γ,K)) =

ξ : Γ→ ℓΦ(Γ,K) |
∑
γ∈Γ
Ψ
(
a‖ξ(γ)‖(Φ)
)
<∞ for some a > 0


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with gauge norm
‖ξ‖(ΨΦ) = inf

b > 0 |
∑
γ∈Γ
Ψ
(‖ξ(γ)‖(Φ)
b
)
≤ 1

 .
Proof. Since Γ is a countable set with counting measure, we can identify Γ and
N as measure spaces. Let S be a finite generating set of Γ and G a Cayley
graph of Γ with respect to S. We endow G the path metric d, and identify Γ
with the set of vertices of G. Let δ ≥ 1 be a positive integer such that all the
geodesic triangles in G are δ-fine. Set B(x,R) = {a ∈ Γ | d(a, x) ≤ R} and
S(x,R) = {a ∈ Γ | d(a, x) = R}.
Let q be a Γ-equivalent bicombing, that is, a function assigning to each
(a, b) ∈ Γ× Γ an oriented edge-path q[a, b] from a to b satisfying q[g · a, g · b] =
g · q[a, b] for each a, b, g ∈ Γ. Set L = Q if K = R and L = Q+√−1Q if K = C.
Let
C0(Γ,L) =


∑
γ∈Γ
cγγ | cγ ∈ L, cγ = 0 for all but finitely many γ


where we identify Γ with the standard basis of C0(Γ,L). Therefore the left
action of Γ on itself induces an action on C0(Γ,L).
Proposition 17 ([Min01]). There is a function f : Γ× Γ → C0(Γ,L) satisfies
the following conditions.
(1) For each a, b ∈ Γ, f(a, b) is a convex combination, i.e. its coefficients are
non-negative and sum up to 1.
(2) If d(a, b) ≤ 10δ, then f(b, a) = a.
(3) If d(a, b) ≥ 10δ, then supp f(b, a) ⊂ B(q[b, a](10δ), δ) ∩ S(b, 10δ).
(4) f is Γ-equivariant, i.e. f(g · a, g · b) = g · f(a, b) for any g, a, b ∈ Γ.
(5) There exist constants L ≥ 0 and 0 < λ < 1 such that, for all a, a′, b ∈ Γ,
‖f(b, a)− f(b, a′)‖1 ≤ Lλ(a|a′)b ,
where (a|a′)b is the Gromov product defined by
(a|a′)b = 1
2
[d(b, a) + d(b, a′)− d(a, a′)]
and ∥∥∥∥∥∥
∑
γ∈Γ
cγγ
∥∥∥∥∥∥
1
=
∑
γ∈Γ
|cγ |
for
∑
γ∈Γ cγγ ∈ C0(Γ,L).
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For an N-function Φ ∈ ∆N2 , endow C0(Γ,L) with the gauge-norm such as∥∥∥∥∥∥
∑
γ∈Γ
cγγ
∥∥∥∥∥∥
(Φ)
= inf

b > 0 |
∑
γ∈Γ
Φ
( |cγ |
b
)
≤ 1

 .
Since we can write f(b, a)− f(b, a′) =∑γ∈B(b,10δ) cγγ, we get
‖f(b, a)− f(b, a′)‖(Φ)
=
∥∥∥∥∥∥
∑
γ∈B(b,10δ)
cγγ
∥∥∥∥∥∥
(Φ)
= inf

b > 0 |
∑
γ∈B(b,10δ)
Φ
( |cγ |
b
)
≤ 1


≤ inf

b > 0 |
∑
γ∈B(b,10δ)
Φ
(∑
γ′∈B(b,10δ) |cγ′ |
b
)
≤ 1


= inf
{
b > 0 |
‖∑γ∈B(b,10δ) cγγ‖1
b
≤ Φ−1
(
1
|B(b, 10δ)|
)}
=
‖f(b, a)− f(b, a′)‖1
Φ−1
(
1
|B(b,10δ)|
) .
Similarly, we can write f(b, a) =
∑
γ∈B(b,10δ) c
′
γγ, and by the non-normalized
Ho¨lder inequality for Orlicz space, we get
1 = ‖f(b, a)‖1 ≤ 2‖f(b, a)‖(Φ)‖χB(b,10δ)‖(Φ∗) =
2‖f(b, a)‖(Φ)
(Φ∗)−1( 1|B(b,10δ)|)
.
As in [Yu05], for each pair a, b ∈ Γ, define h(b, a) = f(b,a)‖f(b,a)‖(Φ) . Then
‖h(b, a)− h(b, a′)‖(Φ)
=
∥∥∥∥ f(b, a)‖f(b, a)‖(Φ) −
f(b, a′)
‖f(b, a′)‖(Φ)
∥∥∥∥
(Φ)
≤
‖f(b, a)− f(b, a′)‖(Φ)
‖f(b, a)‖(Φ)
+
|‖f(b, a′)‖(Φ) − ‖f(b, a)‖(Φ)|
‖f(b, a)‖(Φ)
≤ 2
‖f(b, a)− f(b, a′)‖(Φ)
‖f(b, a)‖(Φ)
≤ 4‖f(b, a)− f(b, a
′)‖1
Φ−1
(
1
|B(b,10δ)|
)
(Φ∗)−1
(
1
|B(b,10δ)|
)
= Cλ(a|a
′)b
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where C = 4L
Φ−1( 1|B(b,10δ)| )(Φ∗)−1(
1
|B(b,10δ)| )
. Since Φ ∈ ∆N2 , the Orlicz space
ℓΦ(Γ,K) is the completion of C0(Γ,L) with respect to the gauge norm. No-
tice that the Γ action on C0(Γ,L) can be extended to an isometric action on
ℓΦ(Γ,K).
Let π be a linear isometric action on X = ℓΨ(Γ, ℓΦ(Γ,K)) defined by
(π(g)ξ)(γ) = g(ξ(g−1γ)) = (ξ(g−1γ))(g−1·)
for all ξ ∈ X and g, γ ∈ Γ. Define a function η : Γ→ ℓΦ(Γ,K), by
η(γ) = h(γ, e)
for all γ ∈ Γ, where e is the identity element in Γ.
Let v > 0 such that |B(x, r)| ≤ vr for all x ∈ Γ and r > 0. Choose
p = p(Γ) ≥ 2 such that λpv < 12 . Let Ψ be a N-function such that there is
a constant D > 0 and t0 > 0 with Ψ(t) ≤ Dtp for all 0 < t ≤ t0. Since
(π(g)η − η)(γ) = g(h(g−1γ, e))− h(γ, e) = h(γ, g)− h(γ, e) holds, we have
∑
γ∈Γ
Ψ
(‖(π(g)η − η)(γ)‖(Φ)
c
)
=
∑
γ∈Γ
Ψ
(‖h(γ, g)− h(γ, e)‖(Φ)
c
)
≤
∑
γ∈Γ
Ψ
(
Cλ(g|e)γ
c
)
≤
∑
γ∈Γ
Ψ
(
Cλ(d(γ,e)−d(g,e))
c
)
≤
∞∑
n=0
Ψ
(
Cλ(n−d(g,e))
c
)
vn.
For each g ∈ Γ, we set n0(g) = min{n ∈ N | Cλ(n−d(g,e)) ≤ t0}, and
c0(g) = min
{
c ≥ 1 | n0(g)Ψ
(
Cλ−d(g,e)
c
)
vn0(g) ≤ 1
2
}
.
Then since 0 < λ < 1 and v > 1, for c ≥ c0(g) we have
∞∑
n=0
Ψ
(
Cλ(n−d(g,e))
c
)
vn
≤
n0(g)−1∑
n=0
Ψ
(
Cλ(n−d(g,e))
c
)
vn +
∞∑
n=n0(g)
Ψ
(
Cλ(n−d(g,e))
c
)
vn
≤ n0(g)Ψ
(
Cλ−d(g,e)
c0(g)
)
vn0(g) +
∞∑
n=n0(g)
D
(
Cλ(n−d(g,e))
c
)p
vn
≤ 1
2
+
1
cp
D
(
Cλ−d(g,e)
)p ∞∑
n=n0(g)
(λpv)n.
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Therefore
‖π(g)η − η‖(ΨΦ)
= inf

c > 0 |
∑
γ∈Γ
Ψ
(‖(π(g)η − η)(γ)‖(Φ)
c
)
≤ 1


≤ inf

c ≥ c0(g) |
∑
γ∈Γ
Ψ
(‖(π(g)η − η)(γ)‖(Φ)
c
)
≤ 1


≤ inf

c ≥ c0(g) | 12 + 1cpD
(
Cλ−d(g,e)
)p ∞∑
n=n0(g)
(λpv)n ≤ 1


≤ inf
{
c ≥ c0(g) | 2D
(
Cλ−d(g,e)
)p
≤ cp
}
= max{c0(g), (2D)
1
pCλ−d(g,e)} <∞.
It follows that π(g)η − η is an element in X for each g ∈ Γ. We now define an
affine isometric action α on X by Γ by
α(g)ξ = π(g)ξ + π(g)η − η
for all ξ ∈ X and g ∈ Γ. For γ ∈ q[g, e] with d(γ, e) ≥ 10δ and d(γ, g) ≥ 10δ,
since
B(q[γ, e](10δ), δ) ∩B(q[γ, g](10δ), δ) = ∅,
we have supph(γ, e) ∩ supph(γ, g) = ∅, and hence
‖h(γ, g)− h(γ, e)‖(Φ) ≥ 1.
Thus for g ∈ Γ we have
‖π(g)η − η‖(ΨΦ) = inf

c > 0 |
∑
γ∈Γ
Ψ
(‖h(γ, g)− h(γ, e)‖(Φ)
c
)
≤ 1


≥ inf

c > 0 |
∑
γ∈q[g,e];d(γ,e)≥10δ,d(γ,g)≥10δ
Ψ
(
1
c
)
≤ 1


=
1
Ψ−1( 1|{γ∈q[g,e];d(γ,e)≥10δ,d(γ,g)≥10δ}|)
≥ 1
Ψ−1( 1
d(g,e)−100δ )
.
As a consequence, for every ξ ∈ X , we have
‖π(g−1)α(g)ξ − ξ‖(ΨΦ) = ‖α(g)ξ − π(g)ξ‖(ΨΦ) = ‖π(g)η − η‖(ΨΦ) →∞
as d(g, e)→ ∞. Therefore the affine isometric action β(g) = π(g−1)α(g) on X
of Γ is proper.
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